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multiobjective variational control problems. Wolfe and Mond]Weir type duals are
 .formulated. Under the generalized F y r -convexity on the functions involved,
weak and strong duality theorems are proved. Q 1997 Academic Press
1. INTRODUCTION AND PRELIMINARIES
The aim of this paper is to use the concept of efficiency pareto
.  .optimum to formulate some results of duality under generalized F y r -
convexity of the following problems:
 . b   .  .  .  ..  b 1  .P Minimize H f t , x t , x t , u t , u t dt s H f t , x t ,Ç Ça a
 .  .  .. b p  .  .  .  .. .x t , u t , u t dt, . . . , H f t, x t , x t , u t , u t dt subject toÇ Ç Ç Ça
x a s a , x b s b 1 .  .  .
g t , x t , x t , u t , u t F 0, t g I , 2 .  .  .  .  . .Ç Ç
h t , x t , x t , u t , u t s 0, t g I , 3 .  .  .  .  . .Ç Ç
where f : I = Rn = Rn = Rm = Rm ª R p, g : I = Rn = Rn = Rm =
Rm ª Rm, and h: I = Rn = Rn = Rm = Rm ª Rq are assumed to be
w xcontinuously differentiable functions. I s a, b is a real interval.
w x w xFollowing Bector and Husain 1 and Nahak and Nanda 4 , we consider
 .the primal problem P as the Wolfe type dual and Mond]Weir type dual.
w x w xNotations are the same as in 1, 4 . In 2 , Egudo has used the concept of
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 .efficiency Pareto optimum to formulate duality for multiobjective non-
w xlinear programs. Preda 6 has used the same concept under a weaker
 . w xassumption, namely generalized F y r -convexity. Nahak and Nanda 5
have discussed duality theorems and related efficient solutions of the
primal and dual problems for multiobjective variational control problems.
 .Let X denote the set of all feasible solutions of P . The following
concepts will be needed in the sequel.
 U U .DEFINITION 1. A point x , u in X is said to be an efficient solution
 .  .of P if for all x, u in X,
b U U U Uif t , x t , x t , u t , u t dt .  .  .  . .Ç ÇH
a
b i  4G f t , x t , x t , u t , u t dt , ; i g 1, . . . , p , .  .  .  . .Ç ÇH
a
b U U U Ui« f t , x t , x t , u t , u t dt .  .  .  . .Ç ÇH
a
b i  4s f t , x t , x t , u t , u t dt , ; i g 1, . . . , p . .  .  .  . .Ç ÇH
a
w x  0 0.  .Lemma 1 of 6 states that x , u is an efficient solution for P iff
 0 0.  0 0. b k  .  .  .  ..x , u solves P x , u . Minimize H f t, x t , x t , u t , u t dt subjectÇ Çk a
to
b jf t , x t , x t , u t , u t dt .  .  .  . .Ç ÇH
a
b jF f t , x t , x t , u t , u t dt , j / k .  .  .  . .Ç ÇH
a
x a s a , x b s b .  .
g t , x t , x t , u t , u t F 0, t g I , .  .  .  . .Ç Ç
h t , x t , x t , u t , u t s 0, t g I , .  .  .  . .Ç Ç
for each k s 1, 2, . . . , p.
DEFINITION 2. A functional F: Rn = Rn = Rm = Rm = Rn = Rn =
Rm = Rm ª R is sublinear if for any x, x 0 g Rn, x, x 0 g Rn, u, u0 g Rm,Ç Ç
u, u0 g Rm,Ç Ç
F t , x , x , u , u , x 0 , x 0 , u0 , u0 ; a q aÇ Ç Ç Ç .1 2
F F t , x , x , u , u , x 0 , x 0 , u0 , u0 ; aÇ Ç Ç Ç .1
q F t , x , x , u , u , x 0 , x 0 , u0 , u0 ; aÇ Ç Ç Ç .2
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and
F t , x , x , u , u , x 0 , x 0 , u0 , u0 ; a a s aF t , x , x , u , u , x 0 , x 0 , u0 , u0 ; a . .  .Ç Ç Ç Ç Ç Ç Ç Ç
For any a , a g Rn, a g R, a G 0, and a g Rn.1 2
  .  .  .  ..DEFINITION 3. A scalar function f t, x t , x t , u t , u t is said to beÇ Ç
 .F, r -convex if there is a sublinear functional F such that
b U U U Uf t , x t , x t , u t , u t y f t , x t , x t , u t , u t dt 4 .  .  .  .  .  .  .  . .  .Ç Ç Ç ÇH
a
b U U U UG F t , x t , x t , u t , u t , x t , x t , u t , u t ; .  .  .  .  .  .  .  .Ç Ç Ç ÇH a
f t , xU t , xU t , uU t , uU t .  .  .  . .Ç Çx
d
U U U Uy f t , x t , x t , u t , u t dt .  .  .  . .Ç ÇxÇ /dt
b U U2q r d t , x t , u t , x t , u t dt , .  .  .  . .H
a
where f denotes the gradient vector of f with respect to x.x
The function f is said to be strongly F-convex, F-convex, or weakly
 U U .F-convex at x , u according to whether r ) 0, r s 0, or r - 0.
  .  .  .  ..  .DEFINITION 4. The function f t, x t , x t , u t , u t is F, r -quasi-Ç Ç
 U U .convex at x , u if there is a sublinear functional F such that for all
 .x, u ,
b
f t , x t , x t , u t , u t dt .  .  .  . .Ç ÇH
a
b U U U UF f t , x t , x t , u t , u t dt .  .  .  . .Ç ÇH
a
implies
b U U U UF t , x t , x t , u t , u t , x t , x t , u t , u t ; .  .  .  .  .  .  .  .Ç Ç Ç ÇH a
f t , xU t , xU t , uU t , uU t .  .  .  . .Ç Çx
d
U U U Uy f t , x t , x t , u t , u t dt .  .  .  . .Ç ÇxÇ /dt
b U U2F yr d t , x t , u t , x t , u t dt. .  .  .  . .H
a
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We say that f is strongly F-quasiconvex, F-quasiconvex, or weakly F-qua-
 U U .siconvex at x , u according to whether r ) 0, r s 0, or r - 0.
  .  .  .  ..  .DEFINITION 5. The function f t, x t , x t , u t , u t is F, r -pseudo-Ç Ç
 U U .convex at x , u if there is a sublinear functional F such that for all
 .x, u ,
b U U U UF t , x t , x t , u t , u t , x t , x t , u t , u t ; .  .  .  .  .  .  .  .Ç Ç Ç ÇH a
f t , xU t , xU t , uU t , uU t .  .  .  . .Ç Çx
d
U U U Uy f t , x t , x t , u t , u t dt .  .  .  . .Ç ÇxÇ /dt
b U U2G yr d t , x t , u t , x t , u t dt .  .  .  . .H
a
implies
b
f t , x t , x t , u t , u t dt .  .  .  . .Ç ÇH
a
b U U U UG f t , x t , x t , u t , u t dt. .  .  .  . .Ç ÇH
a
The function f is strongly F-pseudoconvex, F-pseudoconvex, or weakly
 U U .F-pseudoconvex at x , u according to whether r ) 0, r s 0, or r - 0.
  .  .  .  ..  .DEFINITION 6. The function f t, x t , x t , u t , u t is strictly F, r -Ç Ç
 U U .pseudoconvex at x , u if there is a sublinear functional F such that for
 .  U U .  .all x, u g X, x , u / x, u ,
b U U U UF t , x t , x t , u t , u t , x t , x t , u t , u t ; .  .  .  .  .  .  .  .Ç Ç Ç ÇH a
f t , xU t , xU t , uU t , uU t .  .  .  . .Ç Çx
d
U U U Uy f t , x t , x t , u t , u t dt .  .  .  . .Ç ÇxÇ /dt
b U U2G yr d t , x t , u t , x t , u t dt .  .  .  . .H
a
implies
b
f t , x t , x t , u t , u t dt .  .  .  . .Ç ÇH
a
b U U U U) f t , x t , x t , u t , u t dt. .  .  .  . .Ç ÇH
a
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Or equivalently, if
b
f t , x t , x t , u t , u t dt .  .  .  . .Ç ÇH
a
b U U U UF f t , x t , x t , u t , u t dt , .  .  .  . .Ç ÇH
a
we have
b U U U UF t , x t , x t , u t , u t , x t , x t , u t , u t ; .  .  .  .  .  .  .  .Ç Ç Ç ÇH a
f t , xU t , xU t , uU t , uU t .  .  .  . .Ç Çx
d
U U U Uy f t , x t , x t , u t , u t dt .  .  .  . .Ç ÇxÇ /dt
b U U2- yr d t , x t , u t , x t , u t dt , .  .  .  . .H
a
where d is a pseudo-metric on Rn = Rm.
2. WOLFE TYPE DUALITY
In the present section we prove weak and strong duality relations
 . w xbetween P and the Wolfe type dual 1 .
 .  bw 1  .  .  .  ..  .T   .WD Maximize s H f t, x t , x t , u t , u t q y t g t, x t ,Ç Ça
 .  .  ..  .T   .  .  .  ..x bw p  .  .x t , u t , u t q z t h t, x t , x t , u t , u t dt, . . . , H f t, x t , x t ,Ç Ç Ç Ç Ça
 .  ..  .T   .  .  .  ..  .T   .  .  .u t , u t q y t g t, x t , x t , u t , u t q z t h t, x t , x t , u t ,Ç Ç Ç Ç
 .x .u t dt subject toÇ
x a s a , x b s b 4 .  .  .
p
Til f t , x t , x t , u t , u t q y t g t , x t , x t , u t , u t .  .  .  .  .  .  .  .  . .  .Ç Ç Ç Ç i x x
is1
Tqz t h t , x t , x t , u t , u t .  .  .  .  . .Ç Çx
pd
is l f t , x t , x t , u t , u t .  .  .  . .Ç Ç i xÇdt is1
Tqy t g t , x t , x t , u t , u t .  .  .  .  . .Ç ÇxÇ
Tqz t h t , x t , x t , u t , u t , t g I 5 .  .  .  .  .  . .Ç ÇxÇ
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y t G 0 6 .  .
n
l G 0, l s 1. 7 .i i
is1
 .  .  .THEOREM 1 Weak Duality . Assume that, for all feasible x, u for P
 U U .  .and all feasible x , u , l, y, z for WD ,
 . T  . T  . T  .a l f t, ? , ? , ? , ? q y g t, ? , ? , ? , ? q z h t, ? , ? , ? , ? is F-con¨ex
 U U .at x , u . Further, if either
 .  4b l ) 0, ; i g 1, 2, . . . , , ori
 . T  . T  . T  .c l f t, ? , ? , ? , ? q y g t, ? , ? , ? , ? q z h t, ? , ? , ? , ? is strictly F-
 U U .con¨ex at x , u , then
b if t , x t , x t , u t , u t dt .  .  .  . .Ç ÇH
a
b U U U UiF f t , x t , x t , u t , u t .  .  .  . .Ç ÇH
a
T U U U Uqy t g t , x t , x t , u t , u t .  .  .  .  . .Ç Ç
T U U U U  4qz t h t , x t , x t , u t , u t dt , ; i g 1, 2, . . . , p 8 .  .  .  .  .  . .Ç Ç
and
b jf t , x t , x t , u t , u t dt .  .  .  . .Ç ÇH
a
b U U U Uj- f t , x t , x t , u t , u t .  .  .  . .Ç ÇH
a
T U U U Uqy t g t , x t , x t , u t , u t .  .  .  .  . .Ç Ç
T U U U Uqz t h t , x t , x t , u t , u t dt , .  .  .  .  . .Ç Ç
 4for some j g 1, 2, . . . , p 9 .
cannot hold.
 .  .  .Proof. Suppose contrary to the result, that 8 and 9 hold. As x, u is
 .  .  .feasible for P and y G 0, 8 and 9 imply
b Tif t , x t , x t , u t , u t q y t g t , x t , x t , u t , u t .  .  .  .  .  .  .  .  . .  .Ç Ç Ç ÇH
a
Tqz t h t , x t , x t , u t , u t dt .  .  .  .  . .Ç Ç
DUALITY FOR CONTROL PROBLEMS 421
b U U U UiF f t , x t , x t , u t , u t .  .  .  . .Ç ÇH
a
T U U U Uqy t g t , x t , x t , u t , u t .  .  .  .  . .Ç Ç
T U U U U  4qz t h t , x t , x t , u t , u t dt ; i g 1, 2, . . . , p 10 .  .  .  .  .  . .Ç Ç
and
b Tjf t , x t , x t , u t , u t q y t g t , x t , x t , u t , u t .  .  .  .  .  .  .  .  . .  .Ç Ç Ç ÇH
a
Tqz t h t , x t , x t , u t , u t dt .  .  .  .  . .Ç Ç
b U U U Uj- f t , x t , x t , u t , u t .  .  .  . .Ç ÇH
a
T U U U Uqy t g t , x t , x t , u t , u t .  .  .  .  . .Ç Ç
T U U U Uqz t h t , x t , x t , u t , u t dt .  .  .  .  . .Ç Ç
 4for some j g 1, 2, . . . , p , 11 .
 . prespectively. Now hypothesis b and  l s 1 implyis1 i
b TTl f t , x t , x t , u t , u t q y t g t , x t , x t , u t , u t .  .  .  .  .  .  .  .  . .  . Ç Ç Ç ÇH
a
Tqz t h t , x t , x t , u t , u t dt .  .  .  .  . . 4Ç Ç
b U U U UT- l f t , x t , x t , u t , u t .  .  .  . . Ç ÇH
a
T U U U Uqy t g t , x t , x t , u t , u t .  .  .  .  . .Ç Ç
T U U U Uqz t h t , x t , x t , u t , u t dt. 12 .  .  .  .  .  . . 4Ç Ç
 .  .  .Now according to a , 9 , 12 , and the sublinearity of F, we have
b U U U UF t , x t , x t , u t , u t , x t , x t , u t , u t ; .  .  .  .  .  .  .  .Ç Ç Ç ÇH a
TU U U Uf t , x t , x t , u t , u t l .  .  .  . .Ç Ç x
TU U U Uq g t , x t , x t , u t , u t y .  .  .  . .Ç Çx
TU U U Uq h t , x t , x t , u t , u t z .  .  .  . .Ç Ç /x
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d TU U U Uy f t , x t , x t , u t , u t l .  .  .  . .Ç Ç xÇdt
TU U U Uq g t , x t , x t , u t , u t y .  .  .  . .Ç ÇxÇ
TU U U Uq h t , x t , x t , u t , u t z dt - 0 13 .  .  .  .  . .Ç Ç /xÇ /
 .which contradicts 5 , because
b U U U UF t , x t , x t , u t , u t , x t , x t , u t , u t ; 0 dt s 0. .  .  .  .  .  .  .  . .Ç Ç Ç ÇH
a
 .  4 pWhen the hypothesis c holds, since l G 0, i g 1, 2, . . . , p , and i is1
 .  .l s 1, 10 and 11 implyi
b TTl f t , x t , x t , u t , u t q y t g t , x t , x t , u t , u t .  .  .  .  .  .  .  .  . .  . Ç Ç Ç ÇH
a
Tqz t h t , x t , x t , u t , u t dt .  .  .  .  . . 4Ç Ç
b U U U UT- l f t , x t , x t , u t , u t .  .  .  . . Ç ÇH
a
T U U U Uqy t g t , x t , x t , u t , u t .  .  .  .  . .Ç Ç
T U U U Uqz t h t , x t , x t , u t , u t dt 14 .  .  .  .  .  . . 4Ç Ç
 .and then again we reach 13 . Hence the proof is complete.
 .  .  .THEOREM 2 Weak Duality . Assume that, for all feasible x, u for P
 U U .  .and all feasible x , u , l, y, z for WD ,
 . i  4 j k ka f , i g 1, 2, . . . , p , g , j s 1, 2, . . . , m, h , yh , k s 1, 2, . . . , q
 .  .are F-con¨ex. Further, if either b or c from Theorem 1 is satisfied, then
 .  .8 and 9 cannot hold.
w xProof. See Preda 6 and the proof of Theorem 1, above.
 .  .  .THEOREM 3 Weak Duality . Assume that, for all feasible x, u for P
 U U .  .and all feasible x , u , l, y, z for WD ,
 . T  . T  . T  .  .a l f t, ? , ? , ? , ? q y g t, ? , ? , ? , ? q z h t, ? , ? , ? , ? is F, r -
 U U .con¨ex at x , u . Further, if either
 .  4  .b l ) 0, ; i g 1, 2, . . . , and r G 0, or c , gi¨ en any metrici
 . n m  .  .d t, ? , ? , ? , ? on R = R and preset r ) 0, then 8 and 9 cannot hold.
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 .  .Proof. We suppose contrary to the result that 8 and 9 hold. Because
 .  U U .  .  .x, u and x , u , l, y, z are feasible solutions for P and WD , respec-
 .tively, in the case b , we find
b TTl f t , x t , x t , u t , u t q y t g t , x t , x t , u t , u t .  .  .  .  .  .  .  .  . .  . Ç Ç Ç ÇH
a
Tqz t h t , x t , x t , u t , u t dt .  .  .  .  . . 4Ç Ç
b U U U UT- l f t , x t , x t , u t , u t .  .  .  . . Ç ÇH
a
T U U U Uqy t g t , x t , x t , u t , u t .  .  .  .  . .Ç Ç
T U U U Uqz t h t , x t , x t , u t , u t dt. 15 .  .  .  .  .  . . 4Ç Ç
 .  .Now, from 15 and a , we obtain
b U U U UF t , x t , x t , u t , u t , x t , x t , u t , u t ; .  .  .  .  .  .  .  .Ç Ç Ç ÇH a
TU U U Uf t , x t , x t , u t , u t l .  .  .  . .Ç Ç x
TU U U Uq g t , x t , x t , u t , u t y .  .  .  . .Ç Çx
TU U U Uq h t , x t , x t , u t , u t z .  .  .  . .Ç Ç /x
d TU U U Uy f t , x t , x t , u t , u t l .  .  .  . .Ç ÇxÇdt
T
U U U Uqg t , x t , x t , u t , u t y .  .  .  . .Ç ÇxÇ
TU U U Uq h t , x t , x t , u t , u t z dt .  .  .  . .Ç ÇxÇ / /
b U U2- yr d t , x , u , x , u dt. 16 .  .H
a
 .From 5 and the sublinearity of F, this implies
b U U2r d t , x , u , x , u dt - 0 .H
a
which is a contradiction to the fact that r G 0.
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 .  .  .When c holds, from 8 and 9 and r G 0, we obtain
b TTl f t , x t , x t , u t , u t q y t g t , x t , x t , u t , u t .  .  .  .  .  .  .  .  . .  . Ç Ç Ç ÇH
a
Tqz t h t , x t , x t , u t , u t dt .  .  .  .  . . 4Ç Ç
b U U U UTF l f t , x t , x t , u t , u t .  .  .  . . Ç ÇH
a
T U U U Uqy t g t , x t , x t , u t , u t .  .  .  .  . .Ç Ç
T U U U Uqz t h t , x t , x t , u t , u t dt .  .  .  .  . . 4Ç Ç
which implies
b U U U UF t , x t , x t , u t , u t , x t , x t , u t , u t ; .  .  .  .  .  .  .  .Ç Ç Ç ÇH a
TU U U Uf t , x t , x t , u t , u t l .  .  .  . .Ç Ç x
TU U U Uq g t , x t , x t , u t , u t y .  .  .  . .Ç Çx
TU U U Uq h t , x t , x t , u t , u t z .  .  .  . .Ç Ç /x
d TU U U Uy f t , x t , x t , u t , u t l .  .  .  . .Ç Ç xÇdt
TU U U Uq g t , x t , x t , u t , u t y .  .  .  . .Ç ÇxÇ
TU U U Uq h t , x t , x t , u t , u t z dt .  .  .  . .Ç Ç /xÇ /
b U U2F yr d t , x , u , x , u dt , .H
a
i.e.,
b U U U UF t , x t , x t , u t , u t , x t , x t , u t , u t ; .  .  .  .  .  .  .  .Ç Ç Ç ÇH a
TU U U Uf t , x t , x t , u t , u t l .  .  .  . .Ç Çx
T
U U U Uqg t , x t , x t , u t , u t y .  .  .  . .Ç Çx
TU U U Uq h t , x t , x t , u t , u t z .  .  .  . .Ç Çx /
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d TU U U Uy f t , x t , x t , u t , u t l .  .  .  . .Ç ÇxÇdt
T
U U U Uqg t , x t , x t , u t , u t y .  .  .  . .Ç ÇxÇ
TU U U Uq h t , x t , x t , u t , u t z dt .  .  .  . .Ç ÇxÇ / /
- 0,
which is a contradiction to sublinearity of F.
Hence it proves the theorem.
 .  .  .THEOREM 4 Weak Duality . Assume that for all feasible x, u for P
 U U .  .and all feasible x , u , l, y, z for WD ,
 . i  .  4a f is F, r -con¨ex, i g 1, 2, . . . , p ,1 i
 . j  .  4b g is F, r -con¨ex, i g 1, 2, . . . , m ,2 i
 . k  .  4 k  .c h is F, r -con¨ex, i g 1, 2, . . . , q , yh is F, r -con¨ex,3 i 4 i
with r q r G 0, for 1 F k F q.3k 4 k
Also if either
 .  4 p m qd l ) 0, ; i g 1, 2, . . . , p and  r q  r y q  r zi is1 i1 js1 2 j j ks1 3 j k
G 0, or
 . p m q  .e  r q  r y q  r z ) 0 and d t, ? , ? , ? , ? is ais1 i1 js1 2 j j ks1 3 j k
n m  .  .metric on R = R , then 8 and 9 cannot hold.
Proof. We proceed as in the proof of Theorems 2 and 3 and obtain the
result.
 U U U U U .  .COROLLARY 1. Let x , u , l , y , z be a feasible solution for WD
such that
b bUT U U U U UT U U U Uy g t , x , x , u , u dt s 0, z h t , x , x , u , u dt s 0 .  .Ç Ç Ç ÇH H
a a
 U U .  .and assume that x , u is feasible for P . If any of the weak duality
 .  .  U U .  .theorems hold between P and WD , then x , u is efficient for P and
 U U .  .x , u , l, y, z is efficient for WD .
 U U .  .Proof. Suppose that x , u is not efficient for P , then there exists a
 .  .  4feasible x, u for P such that, for some i g 1, 2, . . . , p ,
b if t , x t , x t , u t , u t dt .  .  .  . .Ç ÇH
a
b U U U Ui- f t , x t , x t , u t , u t dt 17 .  .  .  .  . .Ç ÇH
a
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and
b jf t , x t , x t , u t , u t dt .  .  .  . .Ç ÇH
a
b U U U Uj  4F f t , x t , x t , u t , u t dt ; j g 1, 2, . . . , p . .  .  .  . .Ç ÇH
a
18 .
By hypothesis
b UT U U U U UT U U U Uy g t , x , x , u , u q z h t , x , x , u , u dt s 0, .  . 4Ç Ç Ç ÇH
a
 .  .so 17 and 18 can be written as
b if t , x t , x t , u t , u t dt .  .  .  . .Ç ÇH
a
b U U U Ui- f t , x t , x t , u t , u t .  .  .  . . Ç ÇH
a
qyUTg t , xU t , xU t , uU t , uU t .  .  .  . .Ç Ç
qzUTh t , xU t , xU t , uU t , uU t dt , .  .  .  . . 4Ç Ç
 4for some i g 1, 2, . . . , p
and
b jf t , x t , x t , u t , u t dt .  .  .  . .Ç ÇH
a
b U U U Uj- f t , x t , x t , u t , u t .  .  .  . . Ç ÇH
a
qyUTg t , xU t , xU t , uU t , uU t .  .  .  . .Ç Ç
qzUTh t , xU t , xU t , uU , uU t dt , .  .  . . 4Ç Ç
 4; j g 1, 2, . . . , p ,
 U U U U U .  .  .respectively; and since x , u , l , y , z is feasible for WD and x, u is
 . feasible for P , these inequalities contradict weak duality Theorems 1, 2,
.3, 4 .
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 U U U U U .  .Next suppose x , u , l , y , z is not efficient for WD . Then there
 .  .  4exists a feasible x, u, l, y, z for WD such that for some i g 1, 2, . . . , p ,
b i Tf t , x t , x t , u t , u t q y g t , x t , x t , u t , u t  .  .  .  .  .  .  .  . .  .Ç Ç Ç ÇH
a
qzT h t , x t , x t , u t , u t dt4 .  .  .  . .Ç Ç
b U U U Ui) f t , x t , x t , u t , u t .  .  .  . . Ç ÇH
a
qyUTg t , xU t , xU t , uU t , uU t .  .  .  . .Ç Ç
qzUTh t , xU t , xU t , uU t , uU t dt 19 .  .  .  . . 4Ç Ç
and
b j Tf t , x t , x t , u t , u t q y g t , x t , x t , u t , u t  .  .  .  .  .  .  .  . .  .Ç Ç Ç ÇH
a
qzT h t , x t , x t , u t , u t dt4 .  .  .  . .Ç Ç
b U U U UjG f t , x t , x t , u t , u t .  .  .  . . Ç ÇH
a
qyUTg t , xU , xU , uU , uU q zUT h t , xU , xU , uU , uU dt , .  . 4Ç Ç Ç Ç
 4; j g 1, 2, . . . , p . 20 .
And since
b UT U U U U UT U U U Uy g t , x , x , u , u q z h t , x , x , u , u dt s 0, .  . 4Ç Ç Ç ÇH
a
 .  .19 and 20 reduce to
b i Tf t , x t , x t , u t , u t q y g t , x t , x t , u t , u t  .  .  .  .  .  .  .  . .  .Ç Ç Ç ÇH
a
qzT h t , x t , x t , u t , u t dt4 .  .  .  . .Ç Ç
b U U U Ui) f t , x t , x t , u t , u t dt .  .  .  . .Ç ÇH
a
and
b j Tf t , x t , x t , u t , u t q y g t , x t , x t , u t , u t  .  .  .  .  .  .  .  .  .Ç Ç Ç ÇH
a
qzT h t , x t , x t , u t , u t dt4 .  .  .  . .Ç Ç
b U U U Uj  4G f t , x t , x t , u t , u t dt , ; j g 1, 2, . . . , p , .  .  .  . .Ç ÇH
a
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 U U .  .respectively. Since x , u is feasible for P , these inequalities contradict
 .  U U .  U U U U U .weak duality Theorems 1, 2, 3, 4 . So x , u and x , u , l , y , z are
efficient for their respective programs.
 .  U U .  .THEOREM 5 Strong Duality . Let x , u be feasible for P and
assume that
 .  U U .i x , u is an efficient solution
 .  4  U U .ii for at least one i g 1, 2, . . . , p , x , u satisfies a constraint
 U U .qualification for the problem P x , u .i
U p U m U q  U U U U U .Then there exist l g R , y g R , z g R such that x , u , l , y , z
 .is feasible for WD and
b UT U U U U UT U U U Uy g t , x , x , u , u q z h t , x , x , u , u dt s 0. .  . 4Ç Ç Ç ÇH
a
 .  .Further, if weak duality Theorems 1, 2, 3, 4 also holds between P and
 .  U U U U U .  .WD then x , u , l , y , z is efficient for WD .
w xProof. This is similar to the proof of Theorem 3 of Egudo 2 and
Corollary 1 above.
3. MOND]WEIR TYPE DUALITY
In this section, we establish various duality theorems for the Mond]Weir
dual which is given below.
 .  b 1  .  .  .  .. b 1  .MD Maximize H f t, x t , x t , u t , u t dt, . . . , H f t, x t ,Ç Ça a
 .  .  .. .x t , u t , u t dt subject toÇ Ç
x a s a , x b s b 21 .  .  .
TTl f t , x t , x t , u t , u t q y t g t , x t , x t , u t , u t .  .  .  .  .  .  .  .  . .  .Ç Ç Ç Çx x
Tqz t h t , x t , x t , u t , u t .  .  .  .  . .Ç Çx
Ts D l f t , x t , x t , u t , u t .  .  .  . .Ç ÇxÇ
Tqy t g t , x t , x t , u t , u t .  .  .  .  . .Ç ÇxÇ
Tqz t h t , x t , x t , u t , u t , t g I 22 .  .  .  .  .  . .Ç ÇxÇ
b Ty t g t , x t , x t , u t , u t dt G 0 23 .  .  .  .  .  . .Ç ÇH x
a
DUALITY FOR CONTROL PROBLEMS 429
Tz t h t , x t , x t , u t , u t s 0 24 .  .  .  .  .  . .Ç Çx
lTe s 1 25 .
y t G 0, l G 0, 26 .  .
 .T pwhere e s 1, . . . , 1 g R .
 .  .  .THEOREM 6 Weak Duality . Assume that for all feasible x, u for P
 U U .  .and all feasible x , u , l, y, z for WD ,
 . T  . T  .  .a y g t, ? , ? , ? , ? q z h t, ? , ? , ? , ? is F, r -quasicon¨ ex at
 U U .x , u and also if any of the following holds
 .  4 i  .  U U .b l ) 0, ; i g 1, 2, . . . , and f is F, r -pseudocon¨ ex at x , ui 1 i
 4 pfor any i g 1, 2, . . . , p with r q  r l G 0;is1 1 i i
 .  4 T  .  1.c l ) 0, ; i g 1, 2, . . . and l f t, ? , ? , ? , ? is F, r pseudocon-i
 U U . 1¨ex at x , u with r q r G 0;
 . T  .  1.  U U .d l f t, ? , ? , ? , ? is strictly F, r pseudocon¨ ex at x , u with
r q r1 ) 0 then
b if t , x t , x t , u t , u t dt .  .  .  . .Ç ÇH
a
b U U U Ui  4F f t , x t , x t , u t , u t dt ; i g 1, 2, . . . , p .  .  .  . .Ç ÇH
a
27 .
and
b jf t , x t , x t , u t , u t dt .  .  .  . .Ç ÇH
a
b U U U Uj  4- f t , x t , x t , u t , u t dt for some j g 1, 2, . . . , p .  .  .  . .Ç ÇH
a
28 .
cannot hold.
 .  .Proof. Let x, u be an arbitrary feasible solution of P and
 U U .  .x , u , l, y, z be an arbitrary feasible solution of MD . As y G 0, we
have that
b Ty t g t , x t , x t , u t , u t dt .  .  .  .  . .Ç ÇH
a
b T U U U UF y t g t , x t , x t , u t , u t dt .  .  .  .  . .Ç ÇH
a
NAHAK AND NANDA430
and
b Tz t h t , x t , x t , u t , u t dt .  .  .  .  . .Ç ÇH
a
b T U U U Us z t h t , x t , x t , u t , u t dt. .  .  .  .  . .Ç ÇH
a
Hence
b Ty t g t , x t , x t , u t , u t .  .  .  .  . . Ç ÇH
a
Tqz t h t , x t , x t , u t , u t dt .  .  .  .  . . 4Ç Ç
b T U U U UF y t g t , x t , x t , u t , u t .  .  .  .  . . Ç ÇH
a
T U U U Uqz t h t , x t , x t , u t , u t dt .  .  .  .  . . 4Ç Ç
T  . T  .  .and since y g t, ? , ? , ? , ? q z h t, ? , ? , ? , ? is F, r -quasiconvex at
 U U .x , u , this implies
b U U U UF t , x t , x t , u t , u t , x t , x t , u t , u t ; .  .  .  .  .  .  .  .Ç Ç Ç ÇH a
TU U U Ug t , x t , x t , u t , u t y .  .  .  . .Ç Ç x
TU U U Uq h t , x t , x t , u t , u t z .  .  .  . .Ç Ç /x
d TU U U Uy g t , x t , x t , u t , u t y .  .  .  . .Ç Ç xÇdt
TU U U Uq h t , x t , x t , u t , u t z dt .  .  .  . .Ç Ç /xÇ /
b U U2F yr d t , x , u , x , u dt. 29 .  .H
a
 .  U U .From 29 , feasibility of x , u , l, y, z , and sublinearity of F we obtain
b U U U UF t , x t , x t , u t , u t , x t , x t , u t , u t ; .  .  .  .  .  .  .  .Ç Ç Ç ÇH a
d TU U U Uf t , x t , x t , u t , u t l .  .  .  . .Ç ÇxÇdt
TU U U Uy f t , x t , x t , u t , u t l dt .  .  .  . .Ç Çx /
b U U2F yr d t , x , u , x , u dt , .H
a
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i.e.,
b U U U UF t , x t , x t , u t , u t , x t , x t , u t , u t ; .  .  .  .  .  .  .  .Ç Ç Ç ÇH a
TU U U Uf t , x t , x t , u t , u t l .  .  .  . .Ç Çx
d TU U U Uy f t , x t , x t , u t , u t l dt .  .  .  . .Ç ÇxÇ /dt
b U U2G r d t , x , u , x , u dt. 30 .  .H
a
 .On the other hand, suppose contrary to the result of the theorem, that 27
 .  .  .  .  .and 28 hold. If we have the hypothesis b , then 27 , 28 , and F, r -1 i
i  4pseudoconvexity of f , i g 1, 2, . . . , p imply
b U U U UF t , x t , x t , u t , u t , x t , x t , u t , u t ; .  .  .  .  .  .  .  .Ç Ç Ç ÇH a
f i t , xU t , xU t , uU t , uU t .  .  .  . .Ç Çx
d
U U U Uiy f t , x t , x t , u t , u t dt .  .  .  . .Ç Ç .xÇ /dt
b U U2  4F yr d t , x , u , x , u dt , i g 1, 2, . . . , p 31 .  .H1 i
a
and
b U U U UF t , x t , x t , u t , u t , x t , x t , u t , u t ; .  .  .  .  .  .  .  .Ç Ç Ç ÇH a
f i t , xU t , xU t , uU t , uU t .  .  .  . .Ç Çx
d
U U U Uiy f t , x t , x t , u t , u t dt .  .  .  . .Ç Ç .xÇ /dt
b U U2  4- yr d t , x , u , x , u dt for some j g 1, 2, . . . , p . 32 .  .H1 i
a
 4  .  .Because l ) 0, ; i g 1, 2, . . . , p , from 31 , 32 , and sublinearity of Fi
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we have
b U U U UF t , x t , x t , u t , u t , x t , x t , u t , u t ; .  .  .  .  .  .  .  .Ç Ç Ç ÇH a
TU U U Uf t , x t , x t , u t , u t l .  .  .  . .Ç Çx
d TU U U Uy f t , x t , x t , u t , u t l dt .  .  .  . .Ç ÇxÇ / /dt
p
b U U2- y r l d t , x , u , x , u dt , 33 .  . H1 i i / ais1
 . pwhich is a contradiction to 30 because r q  r l G 0. When theis1 1 i i
 .  .  .hypothesis c holds, from 27 and 28 we obtain
b Tl f t , x t , x t , u t , u t dt .  .  .  . .Ç ÇH
a
b U U U UT- l f t , x t , x t , u t , u t dt .  .  .  . .Ç ÇH
a
 .and then we have a contradiction to 30 . Finally, in the last case, if the
 .  .  .hypothesis d holds, from 27 and 28 we have
b Tl f t , x t , x t , u t , u t dt .  .  .  . .Ç ÇH
a
b U U U UTF l f t , x t , x t , u t , u t dt .  .  .  . .Ç ÇH
a
 . T  .  U U .and strictly F, r -pseudoconvexity of l f t, ? , ? , ? , ? at x , u implies a
 .contradiction to 30 . Hence the proof is complete.
 .  .  .THEOREM 7 Weak Duality . Assuming that for all feasible x, u for P
 U U .  .and all feasible x , u , l, y, z for MD ,
 . i  .  4a f is F, r -con¨ex, i g 1, 2, . . . , p ,1 i
 . j  .  4b g is F, r -con¨ex, j g 1, 2, . . . , m ,2 i
 . k  .  4 k  .c h is F, r -con¨ex, i g 1, 2, . . . , q , yh is F, r -con¨ex,3 i 4 i
 .  .with r q r G 0, for 1 F k F q. Further, if either d or c of Theorem 43k 4 k
 .  .holds, then 27 and 28 cannot hold.
Proof. This is similar to the proof of Theorems 4 and 6.
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 .  .  .THEOREM 8 Weak Duality . Assume that for all feasible x, u for P
 U U .  .  .  .  .and all feasible x , u , l, y, z for MD , a and b or c of Theorem 2
 .  .holds. Then 27 and 28 cannot hold.
Proof. This is similar to the proof of Theorem 3.
The following result is very similar to Corollary 1 in Section 2.
 U U U U U .  .COROLLARY 2. Let x , u , l , y , z be a feasible solution for MD
 U U .  .and assume that x , u is feasible for P . If any of the weak duality
 .  .  .  U U .theorems 6, 7, 8 holds between P and MD , then x , u is efficient for
 .  U U U U U .  .P and x , u , l , y , z is efficient for MD .
 U U .  .Proof. Suppose that x , u is not efficient for P . Then there exists a
 .  .  4feasible x, u for P such that, for some i g 1, 2, . . . , p
b if t , x t , x t , u t , u t dt .  .  .  . .Ç ÇH
a
b U U U Ui  4F f t , x t , x t , u t , u t dt , ; i g 1, 2, . . . , p .  .  .  . .Ç ÇH
a
and
b jf t , x t , x t , u t , u t dt .  .  .  . .Ç ÇH
a
b U U U Uj  4- f t , x t , x t , u t , u t dt for some j g 1, 2, . . . , p . .  .  .  . .Ç ÇH
a
 U U U U U .  .But x , u , l , y , z is feasible for MD , hence the result of weak
 .  U U .duality Theorem 6, 7, or 8 is contradicted. So x , u must be efficient
 .  U U U U U .  .for P . Similarly assuming x , u , l , y , z is not efficient for MD we
 U U U U U .  .get a contradiction and hence x , u , l , y , z is efficient for MD .
 .  U U .  .THEOREM 9 Strong Duality . Let x , u be feasible for P and
assume that
 .  U U .a x , u is efficient
 .  4  U U .b for at least one i g 1, 2, . . . , p , x , u satisfies a constraint
 U U .qualification for the problem P x , u .i
U p U m U q  U U U U U .Then there exist l g R , y g R , z g R such that x , u , l , y , z
 .  .is feasible for MD . Further, if weak duality Theorem 6, 7, or 8 also holds
 .  .  U U U U U .  .between P and MD then x , u , l , y , z is efficient for MD .
w xProof. See Preda 6 .
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